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Abstract 

Recently Lysov and Strominger [arXiv: 1104.5502] showed that imposing a Petrov 
type / condition on a (p+l)-dimensional timelike hypersurface embedded in a {p+2)- 
dimensional vacuum Einstein gravity reduces the degrees of freedom in the extrinsic 
curvature of the hypersurface to that of a fluid on the hypersurface, and that the 
leading-order Einstein constraint equations in terms of the mean curvature of the 
embedding give the non-linear incompressible Navier-Stokes equations of the dual 
fluid. In this paper we show that the non-relativistic fluid dual to vacuum Einstein 
gravity does not satisfy the Petrov type / condition at next order, unless additional 
constraint such as the irrotational condition is added. In addition, we show that this 
procedure can be inversed to derive the non-relativistic hydrodynamics with higher 
order corrections through imposing the Petrov type / condition, and that some second 
order transport coefficients can be extracted, but the dual "Petrov type / fluid" does 
not match the dual fluid constructed from the geometry in non-relativistic limit. 
We discuss the procedure both on the finite cutoff surface via the non-relativistic 
hydrodynamic expansion and on the highly accelerated surface via the near horizon 
expansion. 
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1 Introduction 

In the non-relativistic hydrodynamic limit, a correspondence between the the nonlinear so- 
lutions of the Einstein equations and incompressible Navier-Stokes equations is constructed 
in [1, 2, 3] where an intrinsically flat finite cutoff surface and regularity on the future hori- 
zon are imposed. Two equivalent presentations of the non-linear perturbed gravity solution 
and dual fluid expansion are given, one is for the dual fluid living on a finite cutoff sur- 
face via non-relativistic hydrodynamic expansion, the other is on the highly accelerated 
surface via near horizon expansion. This relation is further shown to be universal for the 
gravity with sphere horizon [4, 5] and with higher curvature corrections [6, 7, 8, 9, 10]. 
And the dual incompressible Navier-Stokes equations are found to be corrected at leading 
order when a non-trivial gravitational Chern-Simons term appears in the bulk [11]. More 
generally, the gravity is related with a fluid without gravity in one lower dimension, and 
related works can also be found in [12, 13, 14, 15, 16, 17, 18, 19, 20], which indicate their 
close relation with the fluid djTiamics from membrane paradigm [21, 22, 23, 24, 25], as well 
as the fluid/gravity correspondence from holography [26, 27, 28, 29, 30]. 

It was noted in [2] that the nonlinear solution of vacuum Einstein gravity is of an 
algebraically special Petrov type [31, 32, 33], and the procedure was reversed via the near 
horizon expansion in [34] to derive the dual hydrodynamics. The Petrov type I condition 
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is imposed to reduce the Einstein equations to the incompressible Navier-Stokes equations 
in one lower dimension. The universal fixed-point behavior of the near-horizon scaling 
in general relativity is shown to be the same as that of hydrodynamic scaling in fiuid 
dynamics [34]. This condition is expected to be equivalent with the regularity on the 
future horizon, and the framework has also been generalized to the highly accelerated 
surface which is spatially curved, and the case with the cosmology constant and Maxwell 
field in the bulk [35, 36, 37]. 

Note that in those works only the nontrivial leading order has been considered, we are 
here going to generalize the procedure to higher order to see whether the equivalence still 
holds or not. In the frame which is associated with a hypersurface where the dual fiuid 
lived on, we find that the non-relativistic fiuid dual to the non-linear solution of vacuum 
Einstein gravity from boost transformation does not satisfy the Petrov type I condition at 
the higher order, unless additional constraint is added such as the irrotational condition. 
We also inverse this procedure by imposing the Petrov type I condition on the fiuid stress 
tensor, and then obtain the non-relativistic hydrodynamics with higher order corrections. 
But we see that the dual "Petrov type / fiuid" can not match the dual fiuid of vacuum 
Einstein gravity constructed in the non-relativistic limit. We study the procedure in two 
equivalent expansions: one is the non-relativistic hydrodynamic expansion associated with 
a finite cutoff surface, the other is the near horizon expansion associated with a highly 
accelerated surface. 

This paper is organised as follows. In section 2, a simple review of the Petrov type 

1 condition is given. In section 3, the higher order non-relativistic stress tensor dual to 
vacuum Einstein gravity is used to check the Petrov type / condition. Then the logic is 
turned around and the Petrov type / condition is imposed to reduce the gravity to the dual 
non-relativistic hydrodynamics. In section 4, an alternative presentation of this procedure 
in the near horizon expansion is discussed. The results and discussions are given in section 
5. 

2 Petrov type / condition 

Firstly, we give a simple review of the Petrov type / condition with respect to the ingoing 
and outgoing pair of null vectors whose tangents to a timelike hypersurface generate time 
translations [34]. Introducing the {p + 2) Newman- Penrose-like vector fields, 

e = e = Q^ {k,£) = l, {mi,k) = {mi,i) = 0, {m,,mj) = 6i,, (1) 

the spacetime is Petrov type / [32, 33] if for some choice of frame, 

C{£)i{i)j = 0, C(£)ii£)j = (^^mi/°'^jCf_ii,a^. (2) 

Consider a timelike {p + l)-dimensional hypersurface Eg with fiat intrinsic metric 

ds^_^_^ = '^abdx°'dx^ = —{dx^Y + 6ijdx'^dx\ i,j = 1, (3) 
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and extrinsic curvature Kab- The hypersurface is embedded in (p + 2)-dimensional vacuum 
Einstein spacetime that 

G^^ = 0, /i,z/ = 0,...,p + l. (4) 

Choosing the frame that 

vrii = di, a/2£ = do — n, y/2k = —do — n, (5) 

where n is the spacehke unit normal to the hypersurface, and di, Oq are the tangent vectors 
to Sc [34], one has 

2q,),(,),- = iK- Koo)Kij + 2KoiKoj + 2doKij - KikK) - diKoj - djKo,, (6) 
where the following projections to Sc have been used 

7a7f 7c7dC'«/37<5 = KadKbc - KacKbd, 
1 alb 121^^^0,13^5 = daKbc - ObKac, 

^y^^2n'Ca^^5 = KKac - KabK\ , (7) 

with 7" = d^ — Uarf. The Petrov type / condition (2) imposes (p— l)(p + 2)/2 constraints 
on the (p + l)(p + 2)/2 components of Kab-, or determines the trace-free part of Kij in terms 
of Koo and Koi- This leaves {p + 2) independent components, which are exactly the 
number of components of a fluid with a local energy density, pressure and velocity. The 
dual fluid is described by the Brown- York stress tensor on the hypersurface, 

Tab = 2{K^ab-Kab). (8) 

The Hamiltonian constraint of vacuum Einstein equations 

2G^.n'^nns. = {K' - KabK^') = ^ - pT^bT'^' = 0, (9) 

can be viewed as the equation of state for the dual fluid relating the pressure and energy 
density. On the other hand, the [p + 1) momentum constraint equations 

2G^„nns. = 2{d''Kab - dbK) = =^ d^'Tab = 0, (10) 
give us the equations of motion for the dual fluid. 

3 On finite cutoff surface 

In this section, with the non-relativistic stress tensor of fluid dual to vacuum Einstein 
gravity at finite cutoff surface given in [3], we will firstly check whether the Petrov type I 
condition is satisfied or not at higher order. Then we impose the Petrov type I condition to 
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reduce the gravity into the dual non-relativistic hydrodynamics. With the ingoing Rindler 
metric 

dsJ+2 = -^dr^ + 2drdr + dxidx\ (11) 

the induced metric at the finite cutoff surface r = Tc is 

dSp+i = 'jabdxadx'' = -rcdr^ + dxidx\ (12) 

The Hamiltonian constraint becomes H = 0, where 

H = T^^T\ - 2re T\ T^'^ + TijT - p~^T^. (13) 

Defining Pj^ = ACf^i^a^tjj and using equations (6) and (8), the Petrov type / condition turns 
out to be Pjj = 0, where 

2P,, = T\T,^ + 2r,T\T-^ - Ar^'^'drT,^ - T.^T^, - Arl'^d^^T^^^ 

+ [T (T - pT\) + Apr^"^drT] 5,,. (14) 

3.1 Non-relativistic fluid and Petrov type / condition 

Take the non-relativistic expansion in [2, 3] 

v,^e, P^e\ d.r^e, 9, ~ e^, (15) 
the Brown- York stress tensor up to order is can be expressed as [3] 

T\ = + r:^/\ + r;^/2 [,,^(^2 _^ _ 2r,a,,iP] + 0{e'), (16) 
T\ = - - ^^2(^2 + p) _ 2r^aijv'v^ - 1rlai^a'^\ + 0(6^), (17) 

T^ij = + r'^''^ ^ij + rf''^ [P6ij + ViVj - 2r^aij] 

+ r'^l'^ \viVj{v^ + P) - rcCTijv'^ + 2rcV{idj)P - rci\idj)V^ - 2rlv(^id'^Vj) 
-2rlaik(y''j - K^ki^^^'j) - ^rluJ^ki^'', - Arldid.P + ?>rld^aij\ + 0(6^), (18) 
T =T\ + T\=pr-^'^+prf^P + 0{e''), (19) 
where the fiuid shear aij and vorticity ujij are given by ^ 

aij = di^iVj) = {diVj + djVi) /2, = d[iVj] = {diVj - djUi) /2. (20) 

Comparing this stress tensor with the non-relativistic fiuid stress tensor given in Ap- 
pendix B.l, one can read off some transport coefficients as 

T] = 1, Ci = -2, C2 = C3 = C4 = -4. (21) 
^Here the notations are different from [3] with a factor 2 
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The equations of motion of the dual fluid d°'Tab = turn out to be the incompressible 
Navier-Stokes equations with higher order corrections given in (79), and the stress tensor 
satisfies the Hamiltonian constraint H = consistently. Inserting the stress tensor (16)- (19) 
into Pij and expanding in powers of parameter e, one has 

P..=P!?+P!f + P!? + 0(e^). (22) 

Taking into account the equations of motion (79), one can see that P^^"* and P-^'* vanish 
identically, but 

Pjf = ^c"' [-6r,v%cu,)k - 2rlv^id\) + Aryd^^Uj^k + r^d'aij] . (23) 

This result can also be obtained through substituting the nonlinear solution of vacuum 
Einstein gravity given in Appendix A.l into the Weyl tensor (2) directly. And it is in- 
dependent of the gauge transformation that Vi — j- f ^ + 6vi or Tij Tij + 6P6ij, where 
Svi ~ e^, 6P ~ e^. Thus the perturbed stress tensor (16)-(19) on the finite cutoff sur- 
face does not satisfy the Petrov type / condition at order e"^, if we choose this frame (5) 
associated with the finite cutoff hypersurface. Or in other words, the non-linear solution 
of vacuum Einstein gravity constructed by boost transformation, up to order e^, does not 
satisfy the Petrov type / condition. 

But we can additionally require the constraint P^^^ = holds. For example, if we take 
the irroational condition with Uij ~ 0(6^^), then in view of 6* = diV^ ~ 0{e^), one has 

d^Vj = djO - 2d^Ujk ~ O(e^), (24) 

9V,, = d^,d,^e - 2d^di,u,)k ~ o(e^). (25) 

Thus vanishes at this order and Tjj is reduced to 

= r-^'^ + [p^^^. + ^.^^ _ + ,.-5/2 [^.^^.(^2 ^ 

-r^a^jV^ + 2r,v^^,^j)P - r,V(id,)V^ - 2rlaik(J^ ^ - Ar^didjP] . (26) 

In this case, comparing (26) with the non-relativistic fluid stress tensor in Appendix B.l, 
we can read off 

r/ = l, ci = -2, C4 = -4. (27) 

The incompressible Navier-Stokes equations with higher order corrections (79) is reduced 
into 

div' = e^''^ , d^Vi + v'djVi + diP = r,d\i + ) , (28) 
where the higher order corrections become 

^(-) = + 2aija'^ + r-h'diP + 0{e^), (29) 
f(-) = _ SrAi^Tkia"') + Ar.a'^'dkau - 2v''dkd,P - 2{d''v,)dkP 

- {dkau)v\/ + r;\P + v^)d,P - r:\drP + O(e^) . (30) 

Here according to (24), the term r^d'^Vi ~ O(e^), therefore we move this term to the right 
hand side of the Navier-Stokes equations in (28). 
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3.2 From Petrov type / condition to dual fluid 

At the finite cutoff surface, if we impose tlie Petrov type / condition Pij = firstly, 
and consider the non-relativistic hydrodynamic scaling laws in (15), then the Brown- York 
stress tensor can be expanded in powers of the non-relativistic hydrodynamic expansion 
parameter e as 

T = T(°) +T(2) +t(^) +0(e6). (31) 

Here superscript in round brackets stands for the expansion order, such as T'^^^^ ~ e, T'^^-' ~ 
e^, an 
gives 



e^, and so on. The Brown- York stress tensor at the cutoff surface r = of the metric (11) 



T-(o) = 0, Tf=r:'/'5,,, T^'^=r;'/'p. (32) 

We now put the expansions (31) into the Hamiltonian constraint equation (13) and the 
Petrov equations (14), which both can be expanded in powers of the parameter e. The 
first non-trivial order appears at order e^, where the Hamiltonian constraint H*^^^ = and 
Petrov type / condition F^^'^ = lead to 

2^r(2) _ rprWrpri^) ^ij (33) 

rjf = p-'T^'^6., + r'J' T^f^T^f - 2 r, 9(,r;«, (34) 

respectively. Following [34], if we assume that 

T-W = rf'\,, T(2) = rf/^pP, (35) 

we can recover the stress tensor (16)- (19) up to order e^. The next non-trivial Hamiltonian 
constraint H*^^) =0 and Petrov type / condition vf^^ = give 

y.(4) ^ _ ^3/2^.(1)^.(3)^., ^ 1 [^i/22^{2)j.| + ry2(T-(2))2 - p-Vy2(T(2))^] , (36) 

T^'^) _ 9^3/2^^.(1)^^.(3) rj ^.(3) 1^1/2^^.(2)^(2) _ 1^(2)^(2) efcZ _ o ^(2) 



2^ 



p r, 



1^1/2^^(2)^2 _ ^1/2^^(2)^.(2) ^ 4^^y(2) ^ ^T'^^) ^ ^ ^37) 



c 



respectively. To give assumptions at higher orders, we choose the Landau frame which 
gives 

= /iXw', h', = + Uau\ (38) 
where u°' = 7„(l,f*) and 'jabu"'^'^ = —1 [3]- At order e^, its spatial components lead to 

= -r,Tf^ + Tlfv^ + e^^^v,, (39) 
7 



where the energy density e = TabU°'u^- With the recovered stress tensor up to e^, one can 
show e^^) = 0. Putting (34) and (35) into the above equation, we obtain 

y.(3) ^ ^-5/2 ^^^(^2 ^ _ 2r,a,y] . (40) 

Then T'^r in (17) can be recovered up to order with the Hamiltonian constraint which 
leads to (33) and (36). On the other hand, putting (34) (35) and (40) into (37), one finds 
that at order e^, there is only one term T^^^Sij proportional to Sij. Thus, we can choose 
the isotropic gauge with T*^^^ = as in [3], and finally T^j^ is given by 

^If =r~^^'^ [viVjiv"^ + P) - rcCTijV^ + 2rcV(idj)P - rcV(^idj)V^ + QrcVkV(j,u^j-^ - Ar^v^id'^Vj) 

-2rla,k(T^j - 4r2a,(,u;^) - Arlu^^i^^ , - Ar%d,P - Arlv^d^u'^.^ + Arld'^a,^ . (41) 

Compare (41) with the terms in (18) at order e^, we obtain the additional terms 

r,-'/' [6r,t;fc^;(,a;^) - 2rlvi,d''vj^ - 4r>fc%a;^) + r^^V^,-] . (42) 

Thus, the incompressible Navier-Stokes equations with higher order corrections from the 
equations of motion of the fiuid d°-Tah = become 

d,v' = e, drv, + vW,v, - r.d^v, + d,P = U + ft\ (43) 

where 9 and /j are given in (80) and (81), respectively, and 

2 

- 3vMio^"') - SviVkdioo'' - 3vkUJud''v' - 3vk{div,)io'' - 3{diUJkiyv' + 0{e'). (44) 

Comparing (41) with the non-relativistic fiuid dual to vacuum Einstein gravity con- 
structed in Appendix B.l, one can extract the second order transport coefficients as 

Ci = -2, C2 = C3 = C4 = -4, (45) 

which implies that the correction terms in (42) do not contribute to the terms associated 
with second order transport coefficients. Thus, such kind of higher order fiuid reduced from 
the Petrov type / condition, which we name as "Petrov type / fiuid", does not satisfy the 
non-relativistic fiuid that constructed in Appendix B.l. However, if additionally requiring 
that the terms in (42) vanish at this order, we can again recover the previous stress tensor 
(16)-(19), up to order e^. In particular, taking the irrotational condition that Uij ~ O(e^), 
we can recover equations (26)- (30). 

4 On highly accelerated surface 

An alternative presentation of the procedure discussed in the previous section can also be 

1 /2 

realized with the near horizon expansion. Introducing the expansion parameter A = Vc 



8 



via the transformation r — A ^f, r — A^f, x — x, the ingoing Rindler metric (11) 
becomes 



X 



which gives the first three terms in (84). The induced metric (12) changes into 



dSp+i = 7af,dx''dx 



a: 



-df^ + dxidx\ 



In the hatted coordinates, the Hamiltonian constraint becomes H = 0, where 

The Petrov type / condition turns out to be Pij = 0, where 

2P,, = f^fij + 2\-^f\f'^ - 4A d.fij - f,kf) - 4A-^4r^,) 



(46) 



(47) 



(48) 



P 



f{f - pf%) + 4pA drf 



5,; 



(49) 



4.1 Near horizon fluid and Petrov type / condition 



In the near horizon expansion, with the transformations (82), (83) and (99), the stress 
tensor (16)-(19) becomes 



f\ = + Xv, + X' 
=-Xv^ - X^ 



T- 

■J- 7, 



+ A ^ 5ij + A 



Vi{v'^ + P) - 2aijV^ +0(A^), 
v'^iv'^ + P)- 2aijv'V - 2aija''^ + O(A^) 



(50) 
(51) 



+ A^ 



ViVj{i? + P) — (Tjj-O^ + 2v(^idj)P — V(^idj)v'^ — 2v(^iO^Vj) 



-2aika^j - 4(Tfc(ic2;^j) - 4(2;^^^^^- - AdidjP + Sd'^aij + 0(A 
f =f% + r, = X-^p + XpP + OiX''), 



(52) 
(53) 



where the fluid shear aij = d{iVj) and vorticity Uij = d[iVj]. Comparing the stress tensor 
with the one of dual fluid given in Appendix B.2, one has 



V 



Cl 



-2, C2 — C3 — C4 



-4. 



(54) 



The equations of motion d"'Tab = turn out to be (86), and the stress tensor satisfies 
the Hamiltonian constraint H = consistently. Inserting equations (50)- (53) into Pjj with 
expansion in powers of A, we have 



2r)(-2) , ^0f)(0) , \2f){2) 



p, . = A-^P)7^^ + AT,^:^ + A^P 



0{X'). 



(55) 
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We see that P-,- and Pf^^ vanish identically, but 



(2) 



a. 



(56) 



This is independent of the gauge transformation with Oj — )■ Vi + \^5vi or Tjj — j- Tij + X^6P6ij. 
Thus the perturbed stress tensor (50)- (53) does not satisfy the Petrov type / condition at 
order A^, if we choose this frame (5). 

Again, we can also additionally require Pij = 0. For example, if we add the irroational 
condition that (Joij ~ O(A^), then P^^^ vanishes at this order and Tij is reduced to 



T, 



5ij + A 



(57) 



P6ij + ViVj - 2crij 

Comparing this with the stress tensor of dual fluid given in Appendix B.2, we have 

t) = 1, ci = -2, C4 = -4. (58) 

In this case, the incompressible Navier-Stokes equations with higher order corrections (86) 
is reduced to 

d,v' = e^^^ , dm + Vd,v^ + diP = d\ + , (59) 

where the higher order corrections are given by 



= A^ 



O(A^), 



(^) 



-34(<th<t'') + ^a^'dkdu - 2v''dkdiP - 2{d'vi)dkP 
- {dka,i)iM + (P + v^)d,P - vAP] + O(A^) . 



(60) 



(61) 



Since the term o^Vi ~ O(A^), it is therefore put on the right hand side of the equation (59). 



4.2 From Petrov type / condition to dual fluid 

In this subsection we will inverse the procedure and expand the Brown- York stress tensor 
in powers of the parameter A with the background metric (47), 

ft = A ff^ + A^ rt^^^ + O(A^), 

f = X-'6,, + Xf'if + X'ff + O(A^), 

f = A-V + Ar(i) + A3f(3) +0(A^). (62) 

Note that here only the odd order terms are selected. The even order terms can also be 
added, because it can be showed that they give no further information of the higher order 
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fluid, and thus are set to be vanished to satisfy the constraint equations as well as Petrov 
type / condition. We now put the expansions (62) into the Hamiltonian equation (48) and 
the Petrov equations (49), which both can be expanded in powers of the parameter A. The 
first non-trivial order appears ar A°, where the Hamiltonian constraint H*^''-' = and Petrov 
type / condition Pfj^ = lead to 



T 



f(i) 

f 

^(1) 



P 



-If + f f )f f ) - 2 4f;.()^\ 



respectively. Again, following [34], if assuming that 



(63) 
(64) 



(65) 



we can recover the stress tensor (50)- (53) up to order A. The next non-trivial Hamiltonian 
constraint H*-^^ = and Petrov type / condition P^-^^ = give 



T 



f(3) 



_ rpT(l) rpT{3) rij ^ 

i i " ^ 2 



^ V ^ (1) 



P 



-l(f(l 



T. 



(3) 



r,nhT(l)rpT{3) r) f) rpT{3) 



P 



-i(f (i))2 _ f(i)fT{i) 4^^f (1) + 2f 
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(66) 



(67) 



respectively. To give assumptions at higher order, we choose the Landau frame which gives 



= 



hi = 6. 



a "a 



UaU 



{61 



where u"" = 7t,(l, £>*) and ^ahu"'u = —1. At order A, the spatial components give us with 







-T 



(69) 



where e = TabU°"u''- From the recovered stress tensor up to order A we have e^^^ = 0. 
Putting (64) and (65) into the above equation we get 



T 



r(3) 



Viiv' + P) - 2aijv^. 



(70) 



Then T"^ in (51) can be recovered up to order A'^ via the Hamiltonian constraint which 
leads to (63) and (66). On the other hand, putting (64) (65) and (70) into (67), one finds 
that and at order A^, there is only one term T^^^Sij proportional to Sij. Thus, we can choose 



the isotropic gauge so that T(3) = and T)7 can be expressed as 



(71) 
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Comparing (71) with the terms in (52) at order A^, one can find that the additional terms 
are 

6vkV{iCo''j) - 2v[id'^Vj) - Avkd{iUJ^j) + d'^aij. (72) 

Thus, the incompressible Navier-Stokes equations with higher order corrections from the 
equations of motion of the fiuid d^Tab = become 

d,v' = e, d,v, + Vd.iH - dH, + d,P = h + ff\ (73) 

where 6 and /j are given in (87) and (88), respectively, and 



- 3v,Vkdioo''' - Svkooud'v' - 3vk{div,)u;'' - 30lOOk^)v%'] + O(A^). (74) 



Comparing (71) with the stress tensor of fiuid given in Appendix B.2, one can obtain the 
second order transport coefficients as 

Ci = -2, C2 = C3 = C4 = -4. (75) 

Thus, we have shown that the additional corrections do not make contribution to the second 
order transport coefficients. Such kind of higher order Petrov type / non-relativistic fiuid 
does not match the fiuid constructed in Appendix B.2. However, if we additionally require 
that the terms in (72) vanishes at this order, the stress tensor (50)- (53) can be recovered. 
In particular, taking the irrotational condition with ~ O(A^), we can still recover 
equations (57)-(61). 



5 Conclusion 

In Einstein gravity, the Petrov type / condition relate the gravity theory to a dual fiuid 
without gravity in one less dimension. It reduces the the extrinsic curvature of a time- 
like hypersurface to p + 2 components, which can be interpreted as the energy density, 
pressure P and velocity field f * of a dual fiuid living on the hypersurface, constrained by 
equation of state and p + 1 evolution equations (incompressible Navier-Stokes equations) 
that come from the Einstein constraint equations [34]. To the non-linear order there are 
two equivalent presentations, that for the dual fiuid living on a finite cutoff surface via 
non-relativistic hydrodynamic expansion, and on a highly accelerated surface via the near 
horizon expansion. Imposing the Petrov condition is mathematically much simpler than 
imposing regularity on the future horizon. 

Via appropriate gauge choice, we generalized this procedure to the next order and 
obtained the incompressible Navier-Stokes equations with higher order corrections and as- 
sociated second order transport coefficients. More higher order hydrodynamics can also be 
obtained order by order with appropriate expansion parameters. We can recover the non- 
relativistic fiuid stress tensor dual to vacuum Einstein gravity from boost transformation 
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up to order e^, only if by imposing additional constraint such as the irrotational condition. 
In other words, the non-linear solution of vacuum Einstein equations constructed by boost 
transformation does not satisfy the Petrov type / condition up to order e^, although it 
holds at the order e^. 

As the dual fluid constructed in Appendix B is reduced from the relativistic hydrody- 
namics, while the Petrov type / condition singles out a preferred time coordinate and thus 
breaks Lorentz invariance of the hypersurface [34]. Thus, it might be not surprised that 
the "Petrov type I fluid" does not match the boosted fluid at higher order. In this sense it 
would be interesting to construct the non-relativistic hydrodynamics of this special higher 
order fluid directly, with the corresponding non-linear gravitational solutions. Choosing 
a different frame instead of (5) or changing the boundary condition of the hypersurface 
to see their effects at higher orders, and generalizing to other bulk geometries would be 
interesting for further works. 

Note added: During the preparation of this work, we were informed that the leading 
order calculation in section 3.2 might overlap with the work in preparation by authors 
in [37]. After finishing this work, we were informed that the authors in [3] also obtained 
the conclusion that the Petrov type / condition does not hold at higher orders for their 
non-linear solution of vacuum Einstein gravity (unpublished. May 2011). 
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A Nonlinear metric solution 

In this Appendix, we briefly give the nonlinear solution of vacuum Einstein equations 
Gi_ip = 0, which is obtained via the non-relativistic hydrodynamic expansion and near 
horizon expansion, respectively [2, 3]. 

A.l Non-relativistic hydrodynamic expansion 

Associated with the non-relativistic hydrodynamic expansion 

~ e, P ~ di ~ e, 9^ ~ dr ~ e°, (76) 
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the metric which solves Einstein equations (4) up to order is given as [3], 



-rdr^ + 2drdr + dxjdx* - 2(l )t;jdxMr fjdxMr 



+ (1 - -) {v^ + 2P)dr^ + -ViV^^x'^x^ + - [v^ + 2P) drdr 
+ 2^|?dxMr + (^It^dr^ + (^^^^dxMx^' + O(e^), 



(77) 



where 
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+ 2P) — + 49iP - (r + rJS^Wi 



kl\ 



2r, 



(r - 



p2 



„2 



rc(yij) {v'^ + 2P) H V(idj)P V{idj)V 

ujikuj) - AdidjP + 



2 r + r, 



c o2 



(75 



The dual fluid satisfies the incompressible Navier-Stokes equations with higher order cor- 
rections 

d,v' = 9, d^v, + v^d.v, - r,d\ + d,P = /„ (79) 

where 



e = - v'd^Vi + 2(T,,(T*^' + -v'd.P + 0{e^ 



3r2 



kl\ 



-^dMi^'') + ^r^a^'dkCJu - 2v''dkd,P - 2{dh>,)dkP - (P + -v^)d\ 



^1) 



A. 2 Near horizon expansion 

An alternate presentation of the metric (77) was given in [2], through taking the coordinate 
transformations 



—1? 2—1 —1 

X = er^ X , T = e T, r = r, 



so that 9j = ^ ~ e°, 9f ~ e°, and (9f ~ e°. In the new coordinates one defines 
P(x,f) = e"^P(x(x),r(f)), Vi{x,T) = e~^Vi{x{x),T{f)), 



(82) 



(83) 
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and v'^ = ViS^^Vj. Considering the rescaled metric ds^^g = "^c "^^^1+2 defining 



r^, ^, one finds 



— df^ + r2dfdf + dxidx' - 2(1 - f)vidx'df + (1 - f){y'^ + 2P)df'^] 
A^ [(1 — f )viVjdx'dx^ — 2vidx'df 



r)Vi 



2P)dfdf + 2gf^dx'df + g^'Jdf^] 



+ A^ 



4'^da;Mx^ + 2g';>dx'df + g';Jdf' + 0(A«), 



^(4) 



where 



-(2) 



2 

if 



+ 2p)2vi + 49iP - (f + l)^^^^ 



^4) 



kl\ 



(f - 1)^ 



{2v'd'vk + akia'^) - (f - 1)F^ 



.(2) 



-f)^ + -Pv^ + P2 _ 2{;'=92{;fc - 2^^^'^' - 2drP + 2i)*^4^ 



.(4) 

9ij 



(1 - f) ^ - <Tij-) {v^ + 2P) + 2t;(i9j-)P - V(idj)V^ - (f + l)t)(i92%) 
- 2(T,fca^ - 4<Tfc(,u;^) + (f - 5)^^^^^ - AdidjP + ^^^^a, 
The incompressible Navier- Stokes equations (79) change into 



where 



dii)' = 9, dfVi + vWjVi - d'^Vi + diP = fi. 



-v'd\ + 2aija'^ + v'diP + O(A^), 



(85) 

(86) 
(87) 



-diiukiCj 



lk\ 



+ 4a'=^4^;i - 2v^dAP - 2{d%)dkP - (P + -t)')92t)^ - (4<T.O^'^' 

+ (4c2^iO^'^^' + ^idkVi)u% + (P + f;2)9,P - {;i9^p] + OiX^) . (88) 

With these constraints the metric (84) solves the vacuum Einstein equations (4) up to 
order A*^ consistently. To solve the next non-trivial order that at A^, especially the ff and 
fi components, the terms g^^ and g^~ are needed. We do not intend to find their explicit 
expressions here, as it is found that at order A^, they do not contribute to the Petrov type 
/ equation in (2). 



B The dual Fluid 

To discuss the fluid dual to vacuum Einstein gravity, the theory of relativistic hydrody- 
namics up to second order in fluid gradients was presented in [3, 7, 15]. Choosing the 
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Landau frame of the relativistic fluid with velocity u"" so that its stress tensor is written as 

Tab = e UaUb + phab + H^,, u'^U^^ = 0, (89) 

where e and p represent the energy density and pressure of the fluid in the local rest frame. 
The induced metric hab = 'Jab+UaUb, with the intrinsically flat metric and jabu"'^^ = — 1- 
The dissipative corrections can be written down through taking the isotropic gauge so that 
H^i^ does not contain terms proportional to hat- Up to second order in gradients, 

= -2r]}Cab + P"^ [cilCcaK:\ + C2K:c(a^\) + Ca^ac^^ + c^h^h'^d^ddlnp 

+c^Kab D\Yip + ceD^ In p In p] , (90) 

where = hj^^db, D = u"'da have been defined, rj is the relativistic kinematic shear 
viscosity, and ci,...,C6 are the corresponding transport coefficients at the second order. 
The equations of motion d^Tab at the lowest order have been considered in writing down 
the above form, and the relativistic shear and vorticity are defined as 

]Cab = Khfd(^cUd), VLab = Khfd^cUd]- (91) 

The energy density which vanishes for equilibrium configurations can also be expanded as 

e = C'D\np + p-i [rfi/Caft/C"^ + rfa^^ab^^"'' + d^^Dlnpf + diDD\np + d^iD^ \npf] , (92) 

where (' is an alternative ffist order transport coefficient which is similar to the bulk 
viscosity that measures variations of the energy density, and di, ...yd^ are the corresponding 
second order transport coefficients. However, these six coefficients are not independent [15], 
if we consider the equation of state of this special fluid dual to vacuum Einstein gravity 
that T2 - pTabT""^ = 0, which comes from the Hamiltonian constraint (9). Taking account 
of the expansions (89) and (90), one finds the energy density e can be expressed as 

e = -2r/2p-i/C^^/C"^ + 0{d^). (93) 

Comparing (92) with (93), one can read off 

(' = 0, di = -2r/2, ^2 = ^3 = ^4 = c?5 = 0, (94) 

Thus, in this paper we only consider the independent transport coefficients in (90). 
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B.l Non-relativistic hydrodynamic expansion 

With the pressure p = r^^/^ + r^^'^P, the full fluid stress tensor (89) can be expanded up 
to order through the non-relativistic hydrodynamical expansion (15) as 



(95) 
(96) 



+ ci rlaika^j + Ca r^V^^w^) + Cg r^w.^w^j + C4 r%djP] + O(e^), (97) 



T =T\ + T 



-1/2 



where the equations of motion d^Tab = at lower orders have been employed. 
B.2 Alternate presentation 

With the coordinates in (82), considering the re-scaled stress tensor 

f^fedxMx^ = r-^eT„bdxMx^ = r'^e^ 
one finds the stress tensor (95)- (98) can be transformed into 

v^{v^ + P) - 2fiai,iA +0(A^), 
1)2(1)2 + P)- 2f}aijv'V - 2faija'^] + O(A^), 
P6ij + ViVj - 2fiaij 



f\ = + \Vi + \' 

ft =-Xv^- A^ 



^ 1. 



+ A^^ 5ij + A 



+ A^ 



ViVjiv'^ + P) - fia.ijv'^ + 2fiV(^idj)P - fjvi^idj)v'^ - 2ifv(^id'^Vj) 



-fci a-ikcr^^ + C2 afc(iW^j) + C3 Wjfcw''^- + C4 didjP + 0(A 
f =f^^ + r, = A-V + ApP + 0(A^). 



(9J 



(99) 

(100) 
(101) 



(102) 
(103) 



This is also the Brown- York stress tensor dual to the metric (84), which is mathematically 
equivalent to the metric with the near horizon expansion [2]. 
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